On subgroup perfect codes in Cayley graphs by Zhang, Junyang & Zhou, Sanming
ar
X
iv
:2
00
6.
11
10
4v
1 
 [m
ath
.C
O]
  1
9 J
un
 20
20
On subgroup perfect codes in Cayley graphs
Junyang Zhanga and Sanming Zhoub
aSchool of Mathematical Sciences, Chongqing Normal University, Chongqing 401331, P. R.
China
bSchool of Mathematics and Statistics, The University of Melbourne, Parkville, VIC 3010,
Australia
Abstract
A perfect code in a graph Γ = (V,E) is a subset C of V such that no two vertices
in C are adjacent and every vertex in V \ C is adjacent to exactly one vertex in
C. A subgroup H of a group G is called a subgroup perfect code of G if there
exists a Cayley graph of G which admits H as a perfect code. Equivalently, H is a
subgroup perfect code of G if there exists an inverse-closed subset A of G containing
the identity element such that (A,H) is a tiling of G in the sense that every element
of G can be uniquely expressed as the product of an element of A and an element
of H. In this paper we obtain multiple results on subgroup perfect codes of finite
groups, including a few necessary and sufficient conditions for a subgroup of a finite
group to be a subgroup perfect code, a few results involving 2-subgroups in the
study of subgroup perfect codes, and several results on subgroup perfect codes of
metabelian groups, generalized dihedral groups, nilpotent groups and 2-groups.
Keywords: Cayley graph; perfect code; efficient dominating set; subgroup perfect
code; tiling of finite groups
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1 Introduction
All groups considered in the paper are finite, and all graphs considered are finite and
undirected. Group-theoretic terminology and notation used in the paper are standard
and can be found in, for example, [17].
Let Γ be a graph with vertex set V (Γ) and edge set E(Γ), and let e be a positive
integer. A subset C of V (Γ) is called [3, 16] a perfect e-error-correcting code (or perfect
e-code for short) in Γ if every vertex of Γ is at distance no more than e to exactly one
vertex in C, where the distance in Γ between two vertices is the length of a shortest path
between the two vertices or ∞ if there is no path in Γ joining them. A perfect 1-code is
usually called a perfect code. Equivalently, a subset C of V (Γ) is a perfect code in Γ if C is
E-mail addresses: jyzhang@cqnu.edu.cn (Junyang Zhang), sanming@unimelb.edu.au (Sanming Zhou)
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an independent set of Γ and every vertex in V (Γ) \C is adjacent to exactly one vertex in
C. A perfect code in a graph is also called an efficient dominating set [5] or independent
perfect dominating set [18] of the graph. As a convention, when Γ is an empty graph
(that is, E(Γ) = ∅), we treat V (Γ) as a perfect code in Γ.
The notion of perfect e-codes in graphs originated [3, 16] from coding theory. In the
case when Γ is the Hamming graph H(n, q), the Hamming distance between words of
length n over an alphabet of size q ≥ 2 is precisely the graph distance in Γ, and therefore
perfect e-codes in Γ are exactly those in the classical setting [22] under the Hamming
metric. Similarly, when Γ is the Cartesian product L(n, q) of n copies of the cycle of
length q ≥ 3, the Lee distance [14] between words of length n over an alphabet of size
q ≥ 3 is exactly the graph distance in L(n, q), and hence perfect e-codes in Γ are precisely
those under the Lee metric.
It is well known that Hamming graphs are distance-transitive [4]. This motivated
Biggs [3] to study perfect e-codes in distance-transitive graphs as a generalization of
perfect e-codes under the Hamming metric. In [3], among other things Biggs generalized
the celebrated Lloyd’s Theorem [19] for Hamming graphs to all distance-transitive graphs.
Since the seminal works of Biggs [3] and Delsarte [6], an extensive body of research has
been devoted to perfect codes in distance-transitive graphs and, in general, in distance-
regular graphs and association schemes [4]. See, for example, [1, 2, 10] and the survey
papers [13, 20].
Perfect codes in Cayley graphs. As mentioned in [15], perfect e-codes in Cayley
graphs are another generalization of perfect e-codes under the Hamming or Lee metric.
This is so because both H(n, q) and L(n, q) are Cayley graphs of the additive group Znq .
In fact, they are Cayley graphs of Znq with connection sets SH and SL, respectively, where
SH consists of all elements of Z
n
q with precisely one nonzero coordinate, and SL consists of
all elements of Znq such that exactly one coordinate is ±1 mod q and all other coordinates
are zero. In general, for a group G with identity element 1 and an inverse-closed subset
S of G \ {1} (that is, S−1 := {x−1 : x ∈ S} = S), the Cayley graph Cay(G, S) of G
with connection set S is defined as the graph with vertex set G such that two elements
x, y of G are adjacent if and only if yx−1 ∈ S. For convenience, we allow S to be ∅ or
G \ {1}, in which case Cay(G, S) is the empty graph or complete graph with vertex set
G, respectively.
Apart from being significant generalizations of perfect codes in the classical setting,
perfect codes in Cayley graphs are also of considerable importance for factorizations and
tilings of groups. A factorization [24] of a group G (into two factors) is an ordered pair
of subsets (A,B) of G such that every element of G can be uniquely written as ab with
a ∈ A and b ∈ B. (Note that, unlike factorizations in group theory, here we do not need
A and B to be subgroups of G, but we require a unique representation ab of each element
of G.) A factorization (A,B) of G such that 1 ∈ A ∩ B is called a tiling [8] or a normed
factorization of G. Beginning with Hajo´s [11] in his proof of a well-known conjecture of
Minkowski, there is a long history of studying factorizations and tilings of Abelian groups;
see, for example, [8, 23, 24] for related results and background information. It is readily
seen (see, for example, [15, Lemma 2.10]) that (A,B) is a tiling of G with A inverse-closed
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if and only if B is a perfect code of Cay(G,A \ {1}) with 1 ∈ B.
Subgroup perfect codes. In recent years perfect codes in Cayley graphs have
received considerable attention; see [15, Section 1] for a brief survey and [7, 9, 25, 27] for
a few recent papers. In particular, perfect codes in Cayley graphs which are subgroups of
the underlying groups are especially interesting since they are generalizations of perfect
linear codes [20] in the classical setting. Another interesting avenue of research is to study
when a given subset of a group is a perfect code in some Cayley graph of the group. In
this regard the following concepts were introduced by Huang et al. in [15]: A subset
C of a group G is called a perfect code of G if there exists a Cayley graph of G which
admits C as a perfect code; a perfect code of G which is also a subgroup of G is called
[15] a subgroup perfect code of G. As a convention, any group G is considered as a perfect
code of itself since G is a perfect code in the empty Cayley graph Cay(G, ∅). The trivial
subgroup {1} is also a perfect code of G since it is a perfect code in the complete graph
Cay(G,G \ {1}). From a tiling point of view, the problem of determining whether a
subgroup H of G is a subgroup perfect code of G is the one of determining whether there
exists an inverse-closed subset A of G with 1 ∈ A such that (A,H) is a tiling of G. Since
H is a subgroup of G, such a tiling (A,H) takes the role of lattice tilings of Zn, say, with
each tile a copy of A. Requiring A to be inverse-closed ensures that the underlying Cayley
graph Cay(G,A\{1}) is undirected. This requirement also makes our problem interesting
and challenging. In fact, without this condition any subgroup H of G would be a “perfect
code” in the (not necessarily undirected) Cayley graph Cay(G, T \ {1}), where T is any
left transversal of H in G which contains 1.
In [15], Huang et al. obtained among others a necessary and sufficient condition for a
normal subgroup of a group to be a perfect code (see [15, Theorem 2.2] which is presented
below as Lemma 2.4) and determined all subgroup perfect codes of all dihedral groups
and some Abelian groups. In [21, Theorem 1.1], Ma et al. proved that a group has
the property that every proper subgroup is a perfect code if and only if the group has
no elements of order 4. In particular, every group of odd order has this property, and
an Abelian group has this property if and only if it is isomorphic to the product of an
elementary Abelian 2-group and an Abelian group of odd order. In [21, Theorem 1.5], it
was proved that a proper subgroup H of an Abelian group G is a perfect code of G if
and only if the Sylow 2-subgroup of H is a perfect code of the Sylow 2-subgroup of G.
All subgroup perfect codes of generalized quaternion groups have also been determined
in [21, Theorem 1.7].
Main results. In this paper we first prove several general results on subgroup
perfect codes in Section 3, including generalizations of Theorem 2.2(a), Corollary 2.3(a)
and Theorem 2.11(a) in [15]. We obtain some necessary and sufficient conditions for a
subgroup to be a subgroup perfect codes (see Theorems 3.1 and 3.2 and Corollary 3.3),
and prove that any subgroup with odd order or odd index is a perfect code of the group
(see Theorem 3.5). We further prove that the property of being a subgroup perfect code
is carried over when taking quotients by normal subgroups (see Theorem 3.7) and that
under certain conditions a subgroup of a subgroup perfect code is also a subgroup perfect
code (see Theorem 3.8).
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In Section 4, we investigate the role played by 2-subgroups and Sylow 2-subgroups
in the study of subgroup perfect codes and obtain a few results in this line of research
(see Theorems 4.1–4.3). In Section 5, we obtain a necessary and sufficient condition for a
subgroup of a generalized dihedral group or a nilpotent group to be a perfect code of the
group (see Theorems 5.2 and 5.3, respectively). We also obtain a necessary and sufficient
condition for a normal subgroup of a metabelian group to be a subgroup perfect code
(see Theorem 5.1). Finally, we prove that for any 2-group either every element not in
its Frattini subgroup generates a (cyclic) subgroup perfect code or the 2-group admits a
generalized quaternion subgroup as a perfect code (see Theorem 5.4).
A total perfect code [26] in a graph Γ, also known as an efficient open dominating set
[12] of Γ, is a subset C of V (Γ) such that every vertex of Γ is adjacent to exactly one
vertex in C. A subgroup of a group G which is a total perfect code in some Cayley graph
of G is called [15] a subgroup total perfect code of G. Using the well-known result that
any group of even order contains at least one involution, one can verify that a subgroup
perfect code of a group is a total perfect code of the group if and only if it is of even order.
Based on this observation one can see that all results in this paper are also true if we
replace the phrases “perfect code” and “subgroup perfect code” by “total perfect code”
and “subgroup total perfect code”, respectively, and add the condition that the subgroup
under consideration is of even order.
2 Lemmas
This short section containing four lemmas is a preparation for later sections. Given
a group G and a subgroup H of G, we call a subset of G a Cayley transversal of H in
G if it is a right transversal of H in G which is closed under taking inverse elements.
Note that we can replace “right transversal” by “left transversal” in this definition as
an inverse-closed subset of G is a right transversal of H in G if and only if it is a left
transversal of H in G. The following lemma follows immediately from the definition of a
subgroup perfect code.
Lemma 2.1. Let G be a group and H a subgroup of G. Then H is a perfect code of G if
and only if it has a Cayley transversal in G.
Lemma 2.2. Let G be a group and H a subgroup of G. Then H is a perfect code of G if
and only if it is a perfect code of any subgroup of G which contains H.
Proof . It suffices to prove the necessity. Let H be a subgroup perfect code of G and K
an arbitrary subgroup of G which contains H . By Lemma 2.1, H has a Cayley transversal
in G, say, X . So (X,H) is a factorization of G. Set Y = X ∩K. Since both X and K
are inverse-closed, so is Y . We have K = G ∩K = XH ∩K = HX ∩K = H(X ∩K) =
HY = Y H . Hence (Y,H) is a factorization of K and Y is Cayley transversal of H in K.
Therefore, by Lemma 2.1, H is a perfect code of K.
The following lemma can be easily proved.
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Lemma 2.3. Let G be a group and H a subgroup of G. If H is a perfect code of G, then
for any g ∈ G, g−1Hg is a perfect code of G. More specifically, if H is a perfect code in
Cay(G, S) for some connection set S of G, then g−1Hg is a perfect code in Cay(G, g−1Sg).
The next lemma is taken from [15].
Lemma 2.4. ([15, Theorem 2.2]) Let G be a group and H a normal subgroup of G. Then
H is a perfect code of G if and only if for all x ∈ G, x2 ∈ H implies (xh)2 = 1 for some
h ∈ H.
3 Some general results on subgroup perfect codes
Our first result, stated below, is a basic tool for proving subsequent results in the rest
of this paper.
Theorem 3.1. Let G be a group and H a subgroup of G. Then H is a perfect code of
G if and only if for any g ∈ G \H the coset gH contains an involution or an element x
such that xH 6= x−1H. In particular, if H is not a perfect code of G, then there exists
g ∈ G \H such that gH contains no involution and is inverse-closed.
Proof . We prove the necessity first. Suppose that H is a perfect code of G. By Lemma
2.1, H has a Cayley transversal T in G. So for any g ∈ G \ H the coset gH contains
a unique element in T , say, x. If x is not an involution, then x−1 /∈ gH and hence
xH 6= x−1H .
Now we prove the sufficiency. Assume that for any g ∈ G\H , the coset gH contains an
involution or an element x such that xH 6= x−1H . Take a subset T of G with maximum
cardinality such that 1 ∈ T , T−1 = T and xH 6= yH for all pairs of distinct elements
x, y ∈ T . By Lemma 2.1, it suffices to show that T is a transversal of H in G. Suppose
otherwise. Then G \ (
⋃
x∈T xH) 6= ∅ and so we can take an element g ∈ G \ (
⋃
x∈T xH).
Since 1 ∈ T , we have g ∈ G \H . Thus, by our assumption, gH contains an involution z
or an element z with zH 6= z−1H . Set X = T ∪ {z} in the former and X = T ∪ {z, z−1}
in the latter. Then 1 ∈ X , X−1 = X and xH 6= yH for distinct elements x, y ∈ X , but
this contradicts the maximality of T . This proves the sufficiency.
If H is not a perfect code of G, then by what we have proved above, there exists
g ∈ G \ H such that gH contains no involution and xH = x−1H for any x ∈ gH . It
follows that both x and x−1 are contained in gH for any x ∈ gH and therefore gH is
inverse-closed.
The next result ensures that testing whether a subgroup is a perfect code of a group
can be reduced to testing whether it is a perfect code of its normalizer in the group. This
implies that in theory the study of subgroup perfect codes can be reduced to the study
of “normal subgroup perfect codes”.
Theorem 3.2. Let G be a group and H a subgroup of G. Then H is a perfect code of G
if and only if H is a perfect code of NG(H).
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Proof . The necessity follows from Lemma 2.2. To prove the sufficiency, we assume that
H is a perfect code of NG(H). Suppose to the contrary that H is not a perfect code of
G. By Theorem 3.1, there exists g ∈ G \ H such that gH contains no involution and
xH = x−1H for all x ∈ gH . In particular, g2 ∈ H and gH is inverse-closed, so that
gH = Hg−1. Hence H = g2H = gHg−1 and g ∈ NG(H) \ H . Since gH contains no
involution and is inverse-closed, by Theorem 3.1 we obtain that H is not a perfect code
of NG(H), which contradicts our assumption.
Combining Lemma 2.4 and Theorem 3.2, we obtain the following result.
Corollary 3.3. Let G be a group and H a subgroup of G. Then H is a perfect code of G
if and only if for any x ∈ NG(H), x
2 ∈ H implies (xh)2 = 1 for some h ∈ H.
An element of a group is called a 2-element if its order is a power of 2. In particular,
the identity element is treated as a 2-element.
Corollary 3.4. Let G be a group and H a subgroup of G. Then H is a perfect code of G
if and only if for any 2-element x ∈ NG(H), x
2 ∈ H implies (xh)2 = 1 for some h ∈ H.
Proof . The necessity follows from Corollary 3.3 immediately. To prove the sufficiency,
we assume that for any 2-element x ∈ NG(H), x
2 ∈ H implies (xh)2 = 1 for some h ∈ H .
Let y be an arbitrary element of NG(H), and let 2
ks be the order of y, where k is a
nonnegative integer and s ≥ 1 is an odd integer. Set x = ys. Then x is a 2-element in
NG(H). If y
2 ∈ H , then x2 = y2s ∈ H and therefore, by our assumption, there exists
h ∈ H such that (xh)2 = 1. Since s is an odd integer and y2, h ∈ H , we have ys−1h ∈ H .
Since (yys−1h)2 = (xh)2 = 1, it follows from Corollary 3.3 that H is a perfect code of
G.
The following is a generalization of [15, Corollary 2.3(a)] (which in turn implies the
“if” part in [25, Theorem 3.6]), where the same statement was proved under the additional
condition that the subgroup involved is normal. We show that the same result is true
without this additional condition. In particular, we recover the known result (see [21,
Corollary 1.2]) that in any group of odd order every proper subgroup is a perfect code.
Theorem 3.5. Let G be a group and H a subgroup of G. If either the order of H is odd
or the index of H in G is odd, then H is a perfect code of G.
Proof . Suppose first that |H| is odd. Consider an arbitrary element x ∈ NG(H) with
x2 ∈ H . Assume that the order of x2 is m. Then m is an odd number. Since x2 ∈ H ,
it follows that xm−1 ∈ H . Since (xxm−1)2 = 1, by Corollary 3.3, we obtain that H is a
perfect code of G.
Now suppose that the index of H in G is odd. Then the index of H in NG(H) is odd.
Thus, for any x ∈ NG(H), x
2 ∈ H implies (xh)2 = 1, where h = x−1 ∈ H . Therefore, by
Corollary 3.3, H is a perfect code of G.
Remark 3.6. In [25, Theorem 3.6], it was proved that a proper subgroup of a cyclic group
is a perfect code if and only if it has an odd order or odd index. So for cyclic groups the
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converse of the statement in Theorem 3.5 is true. Since cyclic 2-groups and generalized
quaternion 2-groups have no nontrivial subgroup perfect code (see [21, Theorems 1.6
and 1.7]), it follows from Theorem 4.3 (see the next section) that the converse of the
statement in Theorem 3.5 is also true whenG is the direct product of a cyclic or generalized
quaternion 2-group and a group of odd order. At present we do not know any other class
of groups for which the converse statement in Theorem 3.5 is true. On the other hand,
the famous binary Hamming codes show that the converse statement in Theorem 3.5 fails
for elementary Abelian 2-groups.
The next result shows that the property of being a subgroup perfect code is inherited
by quotient subgroups, and that the converse is also true when the normal subgroup
involved is a perfect code.
Theorem 3.7. Let G be a group, N a normal subgroup of G, and H a subgroup of G
which contains N . Then the following hold:
(a) if H is a perfect code of G, then H/N is a perfect code of G/N ;
(b) if N and H/N are perfect codes of G and G/N , respectively, then H is a perfect code
of G.
Proof . (i) Suppose that H is a perfect code of G. Consider an arbitrary element xN ∈
NG/N (H/N). For any a ∈ H , we have (xN)
−1aN(xN) ∈ H/N , that is, x−1axN ∈ H/N .
It follows that x−1ax ∈ H and therefore x ∈ NG(H). If (xN)
2 ∈ H/N , then x2 ∈ H .
Since H is a perfect code of G, by Corollary 3.3 we have (xb)2 = 1 for some b ∈ H .
Therefore (xNbN)2 = (xbN)2 = (xb)2N = N and bN ∈ H/N . By Corollary 3.3, H/N is
a perfect code of G/N .
(ii) Suppose that N and H/N are perfect codes of G and G/N , respectively. Consider
an arbitrary element x ∈ NG(H). We have xN ∈ NG/N(H/N). If x
2 ∈ H , then (xN)2 ∈
H/N . Since H/N is a perfect code of G/N , by Corollary 3.3, (xNaN)2 = N for some
aN ∈ H/N , that is, (xa)2N = N and therefore (xa)2 ∈ N . Since N is a perfect code and
a normal subgroup of G, by Lemma 2.4, there exists b ∈ N such that (xab)2 = 1. Note
that ab ∈ H . Thus, by Corollary 3.3, H is a perfect code of G.
As usual, for any subsets A and B of a group G, we use [A,B] to denote the subgroup
of G generated by all commutators [a, b] = a−1b−1ab with a ∈ A and b ∈ B. Our last
result in this section gives two sufficient conditions for a subgroup of a subgroup perfect
code to be a subgroup perfect code. Note that in this result H is necessarily normal in
G, for otherwise H cannot contain [G,H ] and therefore no subgroup of H can contain
[G,H ].
Theorem 3.8. Let G be a group, H a normal subgroup of G and K a subgroup of H
which contains [G,H ]. If H is a perfect code of G, then K is a perfect code of G provided
that one of the following conditions holds:
(a) [G,H ] is a perfect code of G and K is a perfect code of H;
(b) K is of odd index in H.
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Proof . Let G be a group, H a normal subgroup of G and K a subgroup of H which
contains [G,H ].
(i) Assume that [G,H ] is a perfect code of G and K is a perfect code of H . Since
g−1ag = [g, a−1]a ∈ K for all g ∈ G and a ∈ K, K is a normal subgroup of G. Consider
an arbitrary element x ∈ G with x2 ∈ K. Then x2 ∈ H . Since H is a normal subgroup
and a perfect code of G, by Lemma 2.4 we have (xh)2 = 1 for some h ∈ H . Since
1 = (xh)2 = x2[x, h−1]h2, we get h2 = [h−1, x]x−2 ∈ K. Since K is normal in G, we get
that K is normal in H . Since K is a perfect code of H , by Lemma 2.4 we have (hb)2 = 1
for some b ∈ K. Then b−2 = h2[h, b−1] and therfore
(xb−1)2 = x2[x, b]b−2
= [x, b]x
−2
x2b−2
= [x, b]x
−2
x2h2[h, b−1]
= [x, b]x
−2
[h−1, x]h
2
[h, b−1].
It follows that (xb−1)2 ∈ [G,H ]. Since [G,H ] is a normal subgroup and a perfect code of
G, by Lemma 2.4 we have (xb−1c)2 = 1 for some c ∈ [G,H ]. Since K contains [G,H ], we
have c ∈ K and so b−1c ∈ K. By Lemma 2.4, K is a perfect code of H .
(ii) Assume thatK is of odd index in H . Since H is a perfect code of G, by Lemma 2.1,
H has a Cayley transversal X in G. Write X = {1} ∪X0 ∪X1 ∪X
−1
1
, where X0 consists
of all involutions in X . Since the index of K in H is odd, by Theorem 3.5, K is a perfect
code of H . Therefore, K has a Cayley transversal Y in H . Write Y = {1} ∪ Y1 ∪ Y
−1
1
.
Then
XY = X ∪ Y ∪X0Y1 ∪X0Y
−1
1
∪X1Y1 ∪X1Y
−1
1
∪X−1
1
Y1 ∪X
−1
1
Y −1
1
.
Moreover, XY is a transversal of K in G. By Lemma 2.1, to complete the proof it suffices
to construct a Cayley transversal of K in G. Since [G,H ] ≤ K, for any x ∈ X and y ∈ Y ,
we have xyx−1y−1 ∈ K and so x−1y−1K = y−1x−1K. Set
T = X ∪ Y ∪X0Y1 ∪ Y
−1
1
X0 ∪X1Y1 ∪ Y
−1
1
X−1
1
∪X1Y
−1
1
∪ Y1X
−1
1
.
Then T is a Cayley transversal of K in G as required.
An immediate corollary of Theorem 3.8 is as follows.
Corollary 3.9. Let G be an Abelian group and H a subgroup of G. If H is a perfect code
of G, then any subgroup perfect code of H is also a perfect code of G.
4 2-subgroups
A subgroup with order a power of 2 is called a 2-subgroup. In this section we investigate
the role played by 2-subgroups in the study of subgroup perfect codes. The first result
stated below ensures that testing whether a 2-subgroup is a perfect code of a group can
be reduced to testing whether it is a perfect code of the Sylow 2-subgroups containing it.
Theorem 4.1. Let G be a group.
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(a) Let Q be a 2-subgroup of G. Then Q is a perfect code of G if and only if it is a perfect
code of every Sylow 2-subgroup of G which contains Q.
(b) Let P be a Sylow 2-subgroup of G and Q a normal subgroup of P . Then Q is a perfect
code of G if and only if it is a perfect code of P .
Proof . (i) The necessity follows directly from Lemma 2.2. Now we assume that Q is a
perfect code of every Sylow 2-subgroup of G which contains Q. Consider any x ∈ NG(Q)
with x2 ∈ Q. There exists a Sylow 2-subgroup P of G which contains x and Q. Clearly,
x ∈ NP (Q). By our assumption, Q is a perfect code of P . Thus, by Corollary 3.3, there
exists b ∈ Q such that (xb)2 = 1. Therefore, by Corollary 3.3 again, Q is a perfect code
of G.
(ii) By Theorem 3.2 and (i), Q is a perfect code of G if and only if it is a perfect
code of every Sylow 2-subgroup of NG(Q) which contains Q. Since Q is normal in P ,
the Sylow 2-subgroups of NG(Q) form the conjugacy class of P in NG(Q). Therefore, the
result follows from Lemma 2.3 directly.
The next result asserts that a subgroup is a perfect code of a group if it has a Sylow
2-subgroup which is a perfect code of the group.
Theorem 4.2. Let G be a group and H a subgroup of G. If there exists a Sylow 2-subgroup
of H which is a perfect code of G, then H is a perfect code of G.
Proof . Consider an arbitrary 2-element x ∈ NG(H) with x
2 ∈ H . Set L := 〈H, x〉. Then
L is a subgroup of G with order 2|H|. Let P be a Sylow 2-subgroup of L which contains
x. Then R := P ∩ H is a Sylow 2-subgroup of H . Let Q be a Sylow 2-subgroup of H
and a perfect code of G. By Sylow’s Theorem ([17, Theorem 3.2.3]), R = a−1Qa for some
a ∈ H . Then, by Lemma 2.3, R is a perfect code of G. Noting that |P : R| = 2, R is a
maximal subgroup of P . By [17, Theorem 5.1.1], R is normal in P and hence x ∈ NG(R).
It follows from Corollary 3.3 that (xb)2 = 1 for some b ∈ R. Since R is a subgroup of H ,
we have b ∈ H . Recalling that x is an arbitrary 2-element in NG(H) with x
2 ∈ H , by
Corollary 3.4, we obtain that H is a perfect code of G.
Let G be a group and K a subgroup of G. If K is of odd order, then it is called [17]
a 2′-subgroup of G; if the order of K is the largest odd divisor of the order of G, then
K is called [17] a Hall 2′-subgroup of G. Our last result in this section gives a sufficient
condition for the product of a 2-subgroup and a 2′-subgroup to be a subgroup perfect
code.
Theorem 4.3. Let G be a group. Let Q be a 2-subgroup of G and K a 2′-subgroup of
G. Suppose that all Sylow 2-subgroups of NG(Q) are contained in NG(K). Then QK is a
perfect code of G if and only if Q is a perfect code of G.
In particular, if Q is a 2-subgroup of G and K is a normal 2′-subgroup of G, then QK
is a perfect code of G if and only if Q is a perfect code of G.
Proof . Since all Sylow 2-subgroups of NG(Q) are contained in NG(K), Q is contained in
NG(K). Hence QK is a subgroup of G and K is normal in QK. Since the order of Q is
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a power of 2 but the order of K is odd, we have Q ∩K = {1}. Therefore, Q is a Sylow
2-subgroup of QK and K is a Hall 2′-subgroup of QK. Thus, by Theorem 4.2, if Q is a
perfect code of G, then QK is a perfect code of G. This proves the sufficiency.
We now prove the necessity. Assume that QK is a perfect code of G. Consider an ar-
bitrary element x ∈ NG(Q) with x
2 ∈ Q. We have x2 ∈ QK and x is contained in a Sylow
2-subgroup of NG(Q). Therefore x ∈ NG(K) and hence x
−1QKx = x−1Qxx−1Kx = QK,
that is, x ∈ NG(QK). By Corollary 3.3, there exists ab ∈ QK where a ∈ Q and b ∈ K such
that (xab)2 = 1. Then (xa)2 = xab−1a−1x−1b−1. Since K is a normal Hall 2′-subgroup of
QK, K is a normal subgroup of NG(QK). Therefore, (xa)
2 = xab−1a−1x−1b−1 ∈ K. On
the other hand, (xa)2 = x2x−1axa ∈ Q. Since Q ∩K = {1}, we get (xa)2 = 1. Thus, by
Corollary 3.3, Q is a perfect code of G.
5 Subgroup perfect codes in a few classes of groups
In this section we study subgroup perfect codes in a few classes of groups, namely
metabelian groups, generalized dihedral groups, nilpotent groups and 2-groups.
The following result gives a necessary and sufficiency condition for a normal subgroup
of a metabelian group to be a subgroup perfect code.
Theorem 5.1. Let G be a metabelian group and H a normal subgroup of G. Then H is
a perfect code of G if and only if it has a Sylow 2-subgroup which is a perfect code of G.
Proof . The sufficiency follows from Theorem 4.2 immediately. To prove the necessity,
we assume that H is a perfect code of G. Let Q be a Sylow 2-subgroup of H and set
B = Q[G,H ]. Since by our assumption H is a normal subgroup of G, [G,H ] is contained
inH . Therefore B is a subgroup ofH . Since Q is contained in B and is a Sylow 2-subgroup
of H , the index of B in H is odd. It follows from Theorem 3.8 that B is a perfect code
of G. Since G is a metabelian group and H is normal in G, [G,H ] is a normal Abelian
subgroup of G. It follows that the Hall 2′-subgroup of [G,H ] is a characteristic subgroup
of [G,H ] and therefore a normal subgroup of G. Note that the Hall 2′-subgroup of [G,H ]
is also the Hall 2′-subgroup of B. Therefore, by Theorem 4.3, Q is a perfect code of G.
A generalized dihedral group [17] is a group of the form G = A ⋊ 〈b〉, where A is a
normal Abelian subgroup of G and b is an involution satisfying b−1ab = a−1 for every
a ∈ A. The next result gives a necessary and sufficient condition for a subgroup of a
generalized dihedral group to be a perfect code of the group. It asserts that a subgroup
of G is a perfect code of G if and only if either it is not contained in A or is a subgroup
perfect code of A. In the special case when G is a dihedral group, this result gives [15,
Theorem 2.11(a)].
Theorem 5.2. Let G = A ⋊ 〈b〉 be a generalized dihedral group. Then a subgroup of G
is a perfect code of G if and only if either it is not a subgroup of A or it is a subgroup
perfect code of A.
Proof . Suppose that H is a perfect code of G. If H is a subgroup of A, then by Lemma
2.2, H is a perfect code of A.
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We now prove the sufficiency.
Case 1. H is not a subgroup of A.
In this case we have ab ∈ H for some a ∈ A. If H = 〈ab〉, then A is a Cayley
transversal of H , and so H is a perfect code of G by Lemma 2.1. Assume that H 6= 〈ab〉.
Then H contains at least one element of A. Let c be such an element. Then for any
g ∈ G \H , gab or gc is an involution. In other words, the coset gH contains at least one
involution. By Theorem 3.1, we conclude that H is a perfect code of G.
Case 2. H is a subgroup perfect code of A.
Note that H is normal in G. Consider an arbitrary element x ∈ G with x2 ∈ H . If
x2 6= 1, then x ∈ A. Since H is a perfect code of A, by Lemma 2.4, there exists h ∈ H
such that (xh)2 = 1. Thus, by Lemma 2.4 again, H is a perfect code of G.
The next result shows that for nilpotent groups the problem of determining whether
a subgroup is a perfect code can be reduced to the one of determining whether a Sylow
2-subgroup is a perfect code.
Theorem 5.3. Let G be a nilpotent group and H a subgroup of G. Then H is a perfect
code of G if and only if the Sylow 2-subgroup of H is a perfect code of G.
Proof . Since G is nilpotent and H is a subgroup of G, H is nilpotent. Let Q and K be
the Sylow 2-subgroup of G and the Hall 2′-subgroup of G, respectively. Then H = QK.
Since the Sylow 2-subgroup of G is contained in NG(K), the Sylow 2-subgroup of NG(Q)
is contained in NG(K). Thus, by Theorem 4.3, H is a perfect code of G if and only if Q
is a perfect code of G.
Recall that the Frattini subgroup [17] Φ(G) of a group G is the intersection of all
maximal subgroups of G. Equivalently, Φ(G) is the set of elements g of G with the
property that G = 〈g,X〉 always implies G = 〈X〉 when X is a subset of G.
Theorem 5.4. Let G be a 2-group. Then either each cyclic subgroup generated by an
element of G \Φ(G) is a perfect code or there exists a generalized quaternion subgroup of
G which is a perfect code of G.
Proof . Suppose that there exists c ∈ G \ Φ(G) such that C := 〈c〉 is not a perfect code
of G. Then C is a proper subgroup of G. By Corollary 3.3, there exists b ∈ NG(C)
with b2 ∈ C but bC contains no involution. Set H = 〈b, c〉. Then H = C ∪ bC and
therefore H contains exactly one involution. Since c ∈ G \ Φ(G) and b /∈ C, H is not
cyclic. It is known that a noncyclic 2-group which contains exactly one involution must
be a generalized quaternion group (see [17, Theorem 5.3.7]). Hence H is a generalized
quaternion group. If G = H , then H is a perfect code of G. In the rest of the proof
we assume that G 6= H . Consider an arbitrary element x ∈ NG(H) with x
2 ∈ H and
set L = 〈x,H〉. If x ∈ H , then x−1 ∈ H and (xh)2 = 1 for h = x−1. If x /∈ H ,
then L is not a generalized quaternion group and hence contains at least two involutions.
Since L = H ∪ xH and H contains exactly one involution, there exists h ∈ H such that
(xh)2 = 1. Thus, by Corollary 3.3, H is a perfect code of G.
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